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1 Introduction 

By a flow on a unital C*-algebra A we mean a strongly continuous one-parameter auto- 
morphism group. The infinitesimal generator 5 a of a flow a is a closed derivation in A, by 
which we mean that 5 a is a closed linear operator which is defined on a dense *-algebra 
D(5 a ) and satisfies that S a (x)* = S a (x*) and S a (xy) = S a (x)y + x8 a (y). See Jl|, |, [L7j] for 
the general theory of derivations. 

If a is a flow and u = (ut) is a one-parameter family of unitaries of A such that 1 1— > u t 
is continuous and u s a s (u t ) = u s+t for all s,t e R, we say that u is an a-cocycle. Then 
Adua : 1 1— > Adua t is a flow and is called a cocycle perturbation of a. If u is differentiable 
with 



, _ .dUj: 

% dt 



t=o, 



then Adtici; is an inner perturbation of a in the sense that $Ad ua — S a + &dih, where adz/i 
is the inner derivation defined by &dih(x) = iihx — xh) for x & A. We write Adua also 
as in this case. 

If v is a unitary which is not in the domain D(5 a ), then the flow 

Adf a Adf* : 1 1— > Adfa^f*) a t , 

which is conjugate to a, is a cocycle perturbation of a but not an inner perturbation. In 
general a cocycle perturbation is conjugate to an inner perturbation since any a-cocycle 
u is cohomologous to a differentiable one w, i.e., u t = vw t a t (v*) for some unitary v (see 

HI)- 

By an inner flow we mean a flow given by t i— ► Ade i/l * = e tadi/l for some self-adjoint 
element fa in A. We say that a is approximately inner if there is a sequence (h n ) in A sa 
such that a t = lim Ad e ift "*, i.e., a t (x) = lim Ad e thnt (x) for every t G R and x E A, or 
equivalently, uniformly continuous in t on every compact subset of R and every x G A. 

When A is an AF C*-algebra, we call a an AF flow if there is an increasing se- 
quence (A n ) of finite-dimensional C*-subalgebras of A such that 1^ e A±, A — U n A n 
and at(A n ) = A n for all n and t. In this case there is an h n in (A n ) sa such that 



Q!t|A n = Ade lhnt \A n and hence a is approximately inner. (The term AF flow is coined 
in H while the adjective locally representable is used in [|l2j and elsewhere to refer to the 
same object.) 

When A is a UHF C*-algebra, we call a a UHF flow if there is an increasing sequence 
(A n ) of full matrix C*-subalgebras of A such that 1^ e A%, A — U n A n , and at(A n ) = A n 
for all n and t. If we set B n = A n H A^_ x with v4 = 0, then A = B n and a t (5„) = B n 
for all n. Namely a is of infinite tensor product type. Note that UHF flows are AF 
flows and there are AF flows on UHF C*-algebras which are not UHF flows. This follows 
because there are AF flows which have more than one KMS states for some temperature 
while UHF flows always have a unique KMS state for any temperature (see e.g., |p~2"|| ). 

We call a a compact flow if the closure of «r in Aut(A), the automorphism group of 
A, is compact, or equivalently, if there is an increasing sequence (V^) of finite-dimensional 
subspaces of A such that A = U n V n and a t (V n ) = V n for all n and t. A periodic flow is 
compact but there are more. If a is an AF flow, then it is compact. 



In [[13] we refer to locally inner (or locally representable) flows as a generalization 



of AF flows. That is, a flow a is locally inner if there is an increasing sequence (A n ) 
of (arbitrary) C*-subalgebras of A such that A = U n A n and a leaves A n invariant and 
restricts to an inner flow on A n . Apparently AF flows are locally inner and locally inner 
flows are approximately inner. But there seems to be no obvious relation between compact 
flows and locally inner flows. 

When A is a UHF C*-algebra, we have the following implications for flows: 



UHF flows => AF flows 



Locally inner flows 
Compact flows 



where the reverse implications are false (for the latter note that the examples of non-AF 
flows constructed in Jl3| are locally inner and compact). 

There is certainly a non-compact flow (e.g., a flow with some asymptotic abelianess), 
but we do not seem to know if there is a flow which is not even a cocycle perturbation of 
a compact flow. If there is a flow which is not approximately inner (against the Powers- 
Sakai Conjecture |17|]), it is likely that we have such a one among the compact (or even 
periodic) flows since there is such a one for some simple AF C*-algebra, which is obtained 
from [14| and Lin's classification theorem for simple C*-algebras of tracial topological 
rank zero. Hence there may be no inclusion relation between the compact flows and the 
approximately inner flows. 

In this note we will briefly discuss compact flows and then look into UHF flows, a 
simplest kind of flows! 



We will show in |2.2| that if a is an approximately inner compact flow on A, then the 
domain D(5 a ) of the generator 5 a contains a maximal abelian C*-subalgebra (masa for 
short) of A, a property which obviously holds for locally inner flows. We here refer to a 
result that the AF flows are characterized by the property that the domain contains a 



canonical AF masa (see [T3|] for details) 
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When A is a UHF C*-algebra such that A <g> A = A, we call a UHF flow 7 on A 
universal if 7 <8> ct is cocycle conjugate to 7 for any UHF flow q on A (i.e., there is an 
isomorphism <p of A ® A onto A such that 7 <g> a is a cocycle perturbation of ip" 1 '-/^). 
There exist universal UHF flows on A (as shown in and they are mutually cocycle 
conjugate, or even almost conjugate (see |4.5|) . In the case of the CAR algebras we will 
construct a universal UHF flow in a simple way extending a result given in [12[ ; see |5.1| . 

When a is a flow on A and a is the flip automorphism of A ® A, i.e., a(x ® y) — 
y <S> x, x, ?/ £ A, we say that a is a-invariantly approximately inner if there is a sequence 
(w n ) of unitaries in A ® A such that cr = limAdw n and ||(a t (g> a; t )(u n ) — M n ||— >0 for each 
i £ R, or equivalently uniformly in t on every compact subset of R. We shall prove for an 
approximately inner flow a that a® 7 is a cocycle perturbation of a (universal) UHF flow 
if and only if a is a-invariantly approximately inner, where 7 is a universal UHF flow; 



see 16. We do not really have any application of this result (except for a result on quasi- 
UHF flows; see |4.7[ ) but this is a first attempt to characterize UHF flows; see |T3L |2j for 
some results on AF flows. We shall also note that if the flip is a-smoothly approximately 
inner, i.e., if we replace the condition \\(a t Cg) a t ){u n ) — u n \\— >0 by that (a t ® a t (u n )) is 
equi-continuous in the above definition, then a has a unique KMS state for each inverse 
temperature, see (4.3j This follows from || and applies to the one-dimensional quantum 
lattice systems, thus providing another proof of the well-known uniqueness result. 

2 Compact flows 

Proposition 2.1 Let A be a separable C* -algebra and a a flow on A. Then the following 
conditions are equivalent: 

1. The closure of {a t \ t e R} in Aut(v4) is compact. 

2. For each x £ A the closure of {at(x) \ t £ R} is compact. 

3. For each x of a dense subset of A the closure of {a t (x) \ t £ R} is compact. 

4- The linear span of A p = {x £ A | a t (x) = e wt x} for all p £ R is dense in A. 

5. There is an increasing sequence (V n ) of finite-dimensional subspaces of A such that 
A = U n V n and a t (V n ) = V n for all n and t. 

Proof. (1)=^(2)=^(3) is obvious. To show that (3)=^(1) let (x n ) be a dense sequence 
(x n ) in the dense subset of A given in (3) and let (t n ) be a sequence in R; then there is 
a subsequence (£„(&)) such that both (at n , k Jx m )) and (a_t n(fc) (x m )) converge for any m. 
Then the (strong) limit of {ctt n{k) ) exists as an automorphism. This implies (1). 

If (1) holds, then the closure of «r is a compact abelian group and hence (4) follows. 
It is immediate that (4)=^(5)=^(3). 



We recall that a is said to be a compact flow if the conditions in 1271] are satisfied 
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Proposition 2.2 Let A be a unital separable simple C* -algebra and a a flow on A. If 
a is an approximately inner compact flow, then D(S a ) contains a maximal abelian C*- 
subalgebra of A. 

Proof. Since a is approximately inner, a has a pure ground state uj. If G denotes the 
closure of «r, then uj is left invariant under G. Thus the GNS representation associated 
with uj is a G-covariant irreducible representation ir of A. Since A is simple, tc is faithful. 

Let U be a continuous representation of G on H n such that U g Tr(x)U* = Trg(x) for 
x G A. There is an orthogonal family (E p ) pe Q of projections such that U g = J2 P < 9,P > 
E p , where G is the character group of G; G is a countable discrete abelian group. Let 
A° = {x e A \ Wg e G, g(x) = x} and denote by n p the representation of A G on E p 7i n , 
i.e., ir p (a) = TT(a)\E p Ti. 7T , a G A G . It follows that {7r p \p G G} is a disjoint family of 
irreducible representations of A G since n(A G )' = Uq. Under this circumstance we will 
show that there is a maximal abelian G*-subalgebra (masa) of A G which is also a masa 
in A. 

By the following lemma there is an h G (A G ) sa such that n(h) = ® p( zG^ P {h) is diagonal 
and all the eigenvalues of ir(h) have multiplicity one. Let C be a masa of A G such that 
C 3 h. Since A n C' is G-invariant, A n C" is the closed linear span of the eigenspaces of 
G\AnC'. Let x G AnC' be a nonzero element such that g(x) =< g,q > x, g G G for some 
g G Cr. Then there must be a p G G and a unit vector ^ in E'pH such that 7r(a:)£ 7^ and 
7r(/i)£ = for some A G R. Since 7r(x)^ G E p+q TL and n{h)n{x)^ = n(x)7r(h)£, = Xtt(x)^, 
7r(x)^ is a constant multiple of £. This implies that g = and then x G C. Thus we can 
conclude that C is a masa in A. 

Lemma 2.3 Let A be a separable C* -algebra and let (jr n ) be a sequence of irreducible 
representations of A such that ifm 7^ n then n m is disjoint from 7c n . If(S n ) is a sequence of 
dense subsets o/R then there is an h G A sa such that 7r n (/i) is diagonal and PSp(7r n (/i)) C 
S n for all n. Furthermore h can be chosen so that all the eigenvalues of ir n (h) have 
multiplicity one for every n. 

Proof. We will construct a sequence (h n ) in A sa and an increasing sequence (ek n )n>k of 
finite-dimensional projections on Tit = Tl^ for each k such that \\h n \\ < 2~ n , lim„efc n = 1, 
Kk(hn)ek,n-i — for k — 1, 2, . . . , n — 1, and for # n = hi + h 2 H h /?-„, 

[7rjfc(F n ),ejfc n ] = 0, fc = 1,2, . . . ,n 
PSp(7Tk{H n )\e kn Hk) C S k , k=l,2,...,n, 

where PSp denotes the set of eigenvalues. Then we will let h = lim„ H n and then since 
ftk(h)ek, n = T!~k(H n )ekn, we will have that PSp(7Tfc(/i)) C Sk for all k. 

To construct such sequences as above, we will argue inductively by using Kadi- 
son's transitivity theorem (see, e.g., 1.21.16 of ||18|| ). Suppose that we have constructed 
hi,h,2,---,h n and etm with n > m > k satisfying the above conditions. With H n = 
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hi + • • • h n let E k be the spectral measure of n k (H n ) for k = 1, 2, . . . , n + 1. For each we 
find a finite family P& of disjoint translates of [0, 2 _n_1 ) and a family {£(-0}ieF fc °f un ^ vec ~ 
tors in (1— e kn )7i k such that E^. (!)£(/) = £(Pj and the linear span of £(Pj, I G P& is so large 
that it almost contains any prescribed vector from (1 — e kn )Ti, k . Choose A/ G Sfc fl / and 
let P/ denote the projection onto the linear space spanned by £(/) and (n k (H n ) — Aj)£(P). 
Then the family (Pj) IeFk is mutually orthogonal and the sum P fc = J2i Pi is orthogonal 
toe fcn . It follows that HP^tt^) - E/ A/P/)P*|| = || T,i Pi{^k{Hn) - A/P/)P/|| < 2-"- 1 . 
We will then choose an h n+ i G A sa such that ||/i n +i|| < 2 -n_1 , [7r fe (/i n+1 ), P fc ] = for 
fc < n + 1, n k (h n+1 )e kn = for < n, and n k (h n+1 )P k = -(it k (H n ) - E/A/P/)P fe for 
= 1, 2, . . . , n + 1. Then we obtain that ir k (H n + h n +i)£(I) = We let e ktn+ i be 

the sum of e kn (0 if k = n + 1) and the projection onto the linear span of £(/), / G Pfe. 
Thus we have constructed h n +i, e k ^ n+ i as required. (A similar argument is used in |J.) 



Remark 2.4 In 272 the assumption that a is approximately inner is made to ensure that 
there is a G-covariant irreducible representation for G = or. This assumption certainly is 
not necessary as we can see from the following example. If a is a flow on the Cuntz algebra 
02 = C*(si,S2) such that att(sj) = e ltJ,]t Sj, where //i,/i2 are rationally independent, then 
a is compact and G is the gauge action 7 of T 2 given by / y Zl ,z 2 ( s j) — z j s j- m this case 
a is not approximately inner but 7 has a covariant irreducible representation. Hence the 
conclusion of |2.2| follows for this a (though it is easy to show that directly). On the 
other hand there is an example of a compact flow where G does not have a covariant 
irreducible representation. For example if a is a flow on the irrational rotation C*- 
algebra Aq = C*(ui,u 2 ) with U1U2 = e 2m9 U2Ui and 6 irrational such that a t (uj) = e lfljt Uj, 
where /xi,/^2 are rationally independent, then G is the gauge action 7 of T 2 given by 
7*1,22 ( u j) = z i u r Since 7 is ergodic, only the tracial representation is covarint though 
there is an a-covariant irreducible representation 0. In this case we do not know whether 
the domain D(5 a ) contains a masa or not. 



3 Universal UHF flows 

We say that a flow a on A is almost conjugate to a flow (3 on B and denote it by a ~ (3 
if for any e > there is an isomorphism if of A onto B such that \\cxt — ip^ 1 f3t^p\\ < £ for 
£ G [—1,1]. If A (or B) is separable and simple and a ~ /3, then a ~ /?, i.e., a is cocycle 
conjugate to f3 (see 1.2 of jl"2"|| ). To prove this we use the fact that if A is simple and 
1 1 at — ip~ 1 /3t^p\\ < 2, then there is a unitary u t G A such that at = Aduttp~ l fittp. To get 
an a-cocycle from the family (u t ) of unitaries so obtained for small \t\, we may use 8.1 of 
|16|| , which requires separability. 

Let A be a UHF C*-algebra such that A <g> A = A. We recall that a flow 7 on A is a 
universal UHF flow if 7 (g) a ~ 7 for any UHF flow a on A. 

Proposition 3.1 If A is a UHF C* -algebra such that A® A = A, then there is a universal 
UHF flow 7 on A. 



5 



Proof. There exists a (finite or infinite) sequence (pj) of prime numbers such that A = 
0iM p ca. Let S be the set of integers which are of the form p^p^ 2 ■ ■ -pjj™ with k{ > 0. 
Then it follows that A = <g> qe sM q oo. For each q G S let (h n ) be a dense sequence in the 
self-adjoint diagonal matrices of M q . We define a flow 7^ on the UHF C*-algebra M q0a 
by 

00 

(g)Ade itft " 

n=l 

and define a flow 7 on A by ® gG s7 < - 9 - ) . 

If a is a UHF flow on A, then there are an infinite sequence (q n ) in S and a sequence 
(k n ) with fc n G M g „ being self-adjoint and diagonal such that a is conjugate to 

00 

(g)Ade J * fc ". 

n=l 

Hence 7 ® ct is of the same form as 7 = ® ge s7^ (by tensoring 7^ with ® n . 9n=? Ade** fen ) 
but the sequence (h' n ) defining the flow on M q00 may be different from the (h n ) defining 
ry{g) f or som e q £ S. But since they are dense in the self-adjoint diagonal matrices of M g °o 
for any q G S, we can conclude that 7 <g> a is cocycle conjugate to 7, i.e., 7 <8> a ~ 7. (As 
a matter of fact 7 <g> a ~ 7.) 

Let -F(A) denote the set of flows on A. We give a topology on by 

00 

d(a,f3) = 2~ n max \\a t {x n ) - (3 t {x n )\\, 
n=i I*'- 1 

where (x n ) is a dense sequence of the unit ball of A. That is, a n converges to a if a n t(x) 
converges to a t (x) uniformly in t on [—1, 1] for all x G A. Let AIF(A) denote the set of 
approximately inner flows on A, i.e., the closure of inner flows. 

Proposition 3.2 Let A be a UHF C* -algebra such that A <g> A = A and 7 a universal 
UHF flow on A. Then 

{</? _1 7</? I ip G Aut(A)} = (7(7) 

zs dense m ATF(A). 

Proof. Let /i G A, a . It suffices to show that the closure of C(j) contains the inner flow 
t i-> Ade ith . 

Since 7 is a universal UHF flow, it follows that 7 <g> (®°°Ad e lth ) ~ 7, i.e., there is an 
isomorphism (p of A <g) = (g>°°A onto A and a G A sa such that 

00 

7*®(®Ade ith )= ¥ 7- 1 7{ fc V, 

where 7^ is the inner perturbation of 7 by adi/c. Let y2 n denote the homomorphism of 
A into A obtained by restricting ip to the n + l'st factor of (g)°°A Then we have that 

lim (ip n Ade ith (x) - 7t<^n(z)) = 

k^oo 
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uniformly in t on [—1, 1] for every x G A. Since there are isomorphisms (p n of A onto 
A such that lim(<p n (x) — (p n {x)) = for every x G A, we may assume that <p n 's are all 
isomorphisms of A onto A and obtain that Ade lth is the limit of ip~ l ^ip n G C(7). 

Remark 3.3 If a flow a absorbs the universal UHF flow 7, i.e., a (g> 7 ~ a, then the 
closure of C(a) contains AZ\F(A). This follows since for ft, G A sa , 

00 00 
«® ((g) Ad e^) ~ a® 7® ((g)Ade iWl ) ~a<g> 7 ~a. 



Proposition 3.4 If A is a UHF C* -algebra such that A ® A = A, then the universal 
UHF flows on A are mutually almost conjugate. In particular a cocycle perturbation of a 
universal UHF flow 7 is almost conjugate to 7. 

Proof. If a is a UHF flow and 7 is a universal UHF flow, it follows that a °° <g> 7 00 ~ 7, 
where a°° = etc. Hence for any e > there exists a flow p on A such that a 00 ®7 00 ®p 
is conjugate to 7 up to e (i.e., \\a^° ®^ ® p t — ip^jtPW < e f° r an y ^ e [ — 1? 1] an d f° r some 
isomorphism <p : A°°— >A). Hence a°° (g> 7 00 <8> p = a <8> a°° <8> 7 00 <S> p is conjugate to a <g> 7 
up to e. Hence a (g> 7 ~ 7. If both a and 7 are universal, it follows that a ~ a <8> 7 ~ 7. 



Remark 3.5 Let A be a UHF C*-algebra with A ® A = A. Then there is a universal 
automorphism 7 of A in the sense that 7®a is cocycle conjugate to 7 for any automorphism 
a of A. Namely an automorphism with the Rohlin property is universal (see, e.g., [[3], [H], 
10|, f7f). The universal automorphisms are mutually almost conjugate. 



4 The flip automorphism 

When A is a UHF C*-algebra, the flip automorphism a of A® A defined by o~(x ® y) — 
y ® x, x, y G A is approximately inner (since <r induces the identity map on Kq(A ® A), 
which has rank one). Hence there is a sequence (w n ) of unitaries in A eg) A such that 
cr = lim n Ad u n . 

Let a be a flow on A. Since cr(a; <8> a) = (a <8> a)er, we can ask a question of whether 
one can put an extra condition, in connection with a, on the sequence (u n ) above. 

Before turning to this special situation we present the following two propositions to 
clarify the conditions we are thinking of (cf. [§]). 

Proposition 4.1 Let A be a unital C* -algebra and let a be a flow on A and o G Aut(A) 
such that a~ 1 ao~ = a. Then the following conditions are equivalent: 

1. There is a sequence (u n ) of unitaries in D(5 a ) such that a = lim n Adw n and 
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2. There is a sequence (u n ) of unitaries in A such that a = lim„ Adu n and (t i— > a t (u n )) 
are equi- continuous in n. 

Proof. If (1) is satisfied, then so is (2) for the same (u n ). To go from (2) to (1) we may 
need to modify (u n ). Since a similar technique will apply in the proof of the following 
proposition, we do not give it here. 

We will express the conditions in the above proposition by saying that a is a-smoothly 
approximately inner, which is weaker than the condition that a is a-invariantly approxi- 
mately inner, which will appear in the following. 

Proposition 4.2 Let A be a unital C* -algebra and let a be a flow on A and o G Aut(A) 
such that o~ l ao = a. Then the following conditions are equivalent: 

1. There is a sequence (u n ) of unitaries in D(5 a ) such that a = lim„AdM n and 
lim n ||tf Q (un)|| = 0. 

2. There is a sequence (u n ) of unitaries in A such that a = lim n Ad-u„ and \\at(u n ) — 
u n \\— >0 uniformly in t on every compact subset o/R. 

3. There is a sequence (u n ) of unitaries in A such that a = lim n Ad-u„ and \\a t (u n ) — 
u n \\— >0 for every t G R. 

Proof. It is obvious that (1)=^(2)=^(3). 
(3)^(2). Let e > and define 

I n = {t e R | sup \\a t {u rn ) - u m \\ < e}. 

m>n 

Since U n I n = R and 7 n 's are closed, U n /° is dense in R by the Baire Category theorem, 
where 1° is the interior of /„. If (a, a + 5) C 1° for some a G R, 5 > 0, and n, then 
||oit(« m ) — u rn \\ < 2e for t G (—5, 5) and m > n. Then the rest is easy. 

(2)=^(1). Let / be a C°°-function on R with compact support such that / > and 
/ f(t)dt = 1 and let, for a small e > 0, 

x ne = e J f(et)a t (u n )dt. 

Since 

\\xne ~ u n \\ < e J f(et)\\a t (u n ) - u n \\dt, 

one can choose a sequence (e n ) such that e n \ and \\y n — u n \\— >0 with y n = x nen . Note 
that y n G D(5 a ) and that 

IIWH <6 n / \f'(t)\dt. 



If we denote by v n the unitary obtained by the polar decomposition of y n , the sequence 
(v n ) satisfies the desired properties. 

If a flow a has more than one a-KMS states for some inverse temperature, the following 
shows that the flip is not a-smoothly approximately inner. 
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Proposition 4.3 Let A be a UHF C* -algebra and a a flow on A and suppose that the 
flip is ot-smoothly approximately inner (or more precisely, a <8> a-smoothly approximately 



inner), i.e., the conditions in J^_A_ are satisfied for A® A, a®a, and the flip automorphism 
a in place of A, a, and a respectively. Then the the set of a-KMS states is a singleton 
(if not empty) for each inverse temperature. 

Proof. Let Ui be an a-KMS state at inverse temperature c G R for % = 1,2. Then uo\ ® uj 2 
is an a ® a-KMS state of A ® A at a Since the flip a commutes with a ® a and the flip 
is a-smoothly approximately inner, the flip leaves each a ® a-KMS state invariant by the 
following lemma, i.e., [ui\ <8> uj 2 )a = uj\ ® oj 2 or uj 2 ® UJ\ = 0Ji® uj 2 . Hence uj\ = uj 2 . 

The following lemma is shown by M. Fannes et al || (or 5.3.33A of M vol. II), but 
we will present another proof based on the definition of the KMS condition in terms of 
holomorphic functions. 

Lemma 4.4 Let A be a unital C* -algebra and let a be a flow and a G Aut(A) such that 
o~ x ao = a. Suppose that a is a-smoothly approximately inner. Then ujo = uo for any 
a-KMS states at inverse temperature c G R. 

Proof. Let u be an a-KMS state at inverse temperature c > 0. (The case c < entails 
just some notational changes and the case c = is trivial.) By definition, for any x, y G A 
there is a bounded continuous function F(z) on S c = {z G C | < < c} such that F 
is analytic in the interior of S c and 

F(t) = u(xa t (y)), F(t + ic) = u{a t {y)x) 



for t G R. Let (u n ) be the sequence of unitaries as given in [Ll] and denote by F n ^ x the 
function F obtained by taking u n x for x and u* n for y. In particular F n ^ x satisfies 

F n>x (t) = uj(u n xa t (u* n )), F n)X (t + ic) = u(a t (u* n )u n x), 

for teK. Since t \— > a t (u^)u n is equi-continuous in n, we may assume by passing to a 
subsequence that F n ^ y converges, for y = x and y — 1, uniformly on every compact subset 
of the boundary dS c . Then F n ^ y converges, say to F y , uniformly on every compact subset 
of S c . It follows that F y is a bounded continuous function on 5* c which is analytic in the 
interior. 

Suppose further that u is factorial, which causes no loss of generality since the extreme 
KMS states are all factorial. Then since (a t {u* n )u n ) is central, it follows that u(a t (Un)u n x) 
converges to Fi(t + ic)uj(x). This implies that F x (z) = Fi(z)u(x) for z G R + ic and hence 
for z G S c . Since F x (0) = ua{x) and -Fi(O) = 1, we obtain that ujo~(x) = uj{x). Hence 
ujo = UJ. 



We may apply the above proposition to the one-dimensional quantum lattice sys- 
tems (since the bounded surface energy condition obviously implies that the flip is a- 
smoothly approximately inner), where the uniqueness of KMS states is of course well- 
known (see [|T7|). This is yet another proof. 
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When L is a bounded linear map of a C*-algebra B into a C*-algebra A, we denote by 
\\L\\ cb the completely bounded norm defined by sup n \\L <g id n ||, where id n is the identity 
map on the matrix algebra M n so that L (g id n is a linear map of B (g M n into A (g M n . 
In the following proposition we will use such a norm when B is finite-dimensional and 
L is a difference of homomorphisms. In this case it follows from Christensen's result || 
that for any e > there is a 5 > such that if \\L\\ < 5 then ||-L|| C & < e. (Because if 
L = (pi — <p2 has sufficiently small norm with </>j a unital homomorphism of into A, then 
there is a unitary uG/1 such that \\u — 1|| is small and 02 = Adu</>i, which entails that 
||L|U= ||(id-Adu)0i|| c6 <2||u-l||.) 

Proposition 4.5 Let A be a UHF C* -algebra with A® A = A and a a flow on A. Suppose 
that there exists a sequence (<£>„) in Aut(A) such that (p~ l ot(p n ^a and (ip n (x)) is central 
for any x E A and that the flip is a-invariantly approximately inner. 

Then for any unital finite type I sub] 'actor Ai of A and e > there is a finite type I 
subf actor B of A with B D A\ such that if (p G Aut(v4) satisfies that for any t £ I = 

[-1,1], 

\\(a t - ip 1 a t (p)\B\\ cb < e 
for some e' > 0, then there is a unitary u e A such that 

max ||a: t (w) — u\\ < e' + e, 
\\(tp- Adw)|Ai|| < e. 

Proof. Let a denote the flip of A <g> A. By the assumption on a there exists a unitary 
u G A <g> A such that 

Mu\Ai®Ai = a\Ai®Ai, 
max \\a t ® oiAu) — u\\ < e/2. 

We may suppose that there is a finite type I subfactor B of A such that B ® B 3 u and 

By using the ((p n ) and ip in the statement, we define linear maps L®<p n and p) ® <p n of 
the algebraic tensor product AQ A into A by 

£<g>^n(x <g>2/) = x<p n (y), 
pi®(p n (x<&y) = (p(x)<p n (y). 

Since (ip n (y)) is a central sequence for any y G A, both L®ip n and p>®ip n are approximate 
homomorphisms. Thus t ® <^n(w) and ® <p n (u) are close to unitaries for the u £ B ® B 
above for all large n. 
Since 

||ai t (t <g> <p n )(u) - i ® p> n (a t (g) at(u))|| 
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converges to zero uniformly in t G /, we obtain that 

\\a t (t <g> (p n )(u) - i ® (fi n (u)\\ < e/2 

for t E I and for all large n. 

For a finite sum J2i x i ® Vi £ B <g> B it follows that 

\\at((p®(p n )Q2xi®yi) - ((p <g> (p n )Q2a t (xi) ® a t (yi))\\ 

i i 

converges to 

|| ®t¥( x i) ® Q!t(s/i) - <pa t (xi) <g> a t (j/i) || 
which is less than or equal to \\(a t <p — ipa t )\B\\ cb \\ J2i x i ® Ui\\- Hence it follows that 

\\a t ((p <g> <p„)(u) - (y? ® ¥>n)(at ® «*(«)) || < e' 
for any t G / and for all large n and that 

max \\a t (ip ® v?n)( u ) - (<£ ® ¥n)(u)\\ < e' + e/2. 

Thus we obtain that max tg / ||a t (?/ n ) — y n \\ < e' + e for y n = (ip ® </? n )(w)(t ® <£> n )(u). 
Since, for x G Ai, 

(i (g) (f n )(u)x PS (i (g) </?„)(« • X <g> 1) = (t <g) V ? n)(l <E> X • li) PS V? n (x)(i ® <Pn)(u) 

and 

(</? ® </? n )(u)</? n (x) PS (if ® <£>„)(u • 1 <g> x) = (</? (g) </vK^ ® 1 • ti) PS ip(x)((f ® Vn)(w), 

it follows that ||y n x — </?(x)y n ||— >0 for any x G Ai as n^oo. Thus, by choosing a sufficiently 
large n and taking the unitary part of the polar decomposition of y n , which is already 
close to a unitary, we obtain the conclusion. (As a matter of fact ||(Adu — </?)|A.i|| can be 
made small independently of e.) 

Theorem 4.6 Let A be a UHF C* -algebra with A <g> A = A and 7 a universal UHF flow 
on A. If a is an approximately inner flow on A such that a <E> 7 ~ ol, the following 
conditions are equivalent: 

j cc 

1. a ~ 7; 

2. The flip is a-invariantly approximately inner. 
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Proof. (1)=>(2). We may assume that a is an inner perturbation of 7, i.e., S a = <5 7 + &dih 
for some h G A sa . We know that there is a sequence {u n ) of unitaries in -D(^ 7 ) © -D(5 7 ) 
such that u* = u n , ^^{un) = 0, and a = lim n Adu n , where a is the flip of A® A. Hence 
it follows that u n G D(5 a< $ a ) and that 

&a®a{u n ) = a.d(ih <g> 1 + 1 eg) ih){u n ) = [ih ® l)u n — w n (l (g) 2/1) + (1 <8> i/j)«i n — u n {ih ® 1) 



converges to zero. This is what we wanted to show; see [4.2| . 

(2)=^(1). Since 7 00 ~ 7, we see that there is a sequence (y>„) in Aut(A) such that 
(p~ lr y(p n —>j and (<£> n (x)) is central for any x & A. Since a is an approximately inner flow 
satisfying a ~ a ® 7 00 and any inner flow can be embedded into 7, we see that a also 
satisfies the above condition. Since the flip is both 7 and a-invariantly approximately 
inner, we can apply [4.5| to both of them. 



Let (A n ) be an increasing sequence of finite type I subfactors of A with A = U n A n . 
Let e > 0. For Ai, a, and 2 _1 e (in place of e) we choose B\ as B in 4.5 . By 3^2 we 
choose (fx G Aut(A) such that for t E I — [— 1, 1], 

||(a t -^ 1 W i)|5i|| cfe <2- 2 e. 

By slightly changing ipi if necessary we assume that ifi(B\) C A n for some n > 1; by 
passing to a subsequence of (A n ) we assume that n = 2; i.e., C A 2 . We then 

choose B 2 for A 2 , 7, and 2 _2 e by [15] and choose <^2 € Aut(A) by [T3] such that for t E I, 



||(7 t -^ 2 1 a^ 2 )|-B 2 m < 2 3 e. 
Here we again assume that ip 2 (B 2 ) C A 3 as above. Since B 2 D A 2 D y?i(-E>i), we have that 

|| (at - ^VjVwOl^ilU < ( 2 ~ 2 + 2" 3 )e. 
By |4.5| we have a unitary w 2 G A 2 such that 

||(AdM 2 Wi-id)|Ai|| < 2 _1 e, 
max ||a+(u 2 ) — u 2 || < e. 

We choose S3 for A 3 , a, and 2~ 3 e as in O . We may further assume that B 3 3 u 2 . We 
then choose (p 3 G Aut(A) such that for t G /, 

||(a t -^3- 1 W 3)| J B 3 || cfe <2- 4 e. 

Here again we assume that (p 3 (B 3 ) C A 4 . Since ip 2 (B 2 ) C A 3 C B 3 , we have that for 
t G /, 

|| (7t - pjVaSw^l^lU < (2 -3 + 2" 
We then obtain a unitary w 3 G A such that 

||(AdM 3 ^3^ 2 -id)|A 2 || < 2- 2 e, 
max ||7t(M 3 ) - n 3 || < 2 _1 e. 
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4 )6. 



We repeat this procedure. 

With (<p n ), (B n ), and (u n ) obtained as above we proceed as follows. Let U\ = 1, 
V\ — 1 = v 2 , and t>3 = u 2 . We define a unitary v n for n > 4 by 

= «n-l</V-l«-l)- 

Since t> 3 G -B3 and y9 n _ 1 (i? n _ 1 ) C £> n , if t> n -i G £> n , we have that v n G -B n for all n. By 
letting (p n = Adu n ip n Adv *, we obtain an almost commutative diagram (cf. 0): 

Ax A 3 A 5 — ... 



1 I 02 / 03 I 04 / I 

4 2 ^ A 4 A 6 



This is almost commutative because 

0„0„_i = Adu n ^ n Ad((^ n _i(w n _i)u*_ 1 )Adw n _i^ n _ 1 Adt;*_ 1 
= Adti n ^^i, 

which is in the neighborhood of the inclusion A n _i C A n+ i of norm less than 2~ n+1 e. 
Since (0 2n+ i(x)) is a Cauchy sequence for x G U n A n , we obtain a homomorphism of A 
into A as the extension of the limit of (0 2n +i)- Since the homomorphism defined as the 
limit of (02n) is the inverse of 0, it follows that is an isomorphism of A onto A. 
For t G I we compute: 

||(7t02n+l - 02n+iat)l^2n+l|| 

< 2||7t(w 2n +l) - «2n+l|| + ll(7iV2n+lAdu| n+1 - ^ 2n +lAd U2n+l a t) l^n+l || 

< 2||7t(tt2n+i) - « 2n +l|| + 2||o; t (f2 n+1 ) - U^n+ill + ||(7^2n+l - ^2n+lO!i) |-B 2n+ i || 

< 2 - 2 - +2 e + 2- 2 ^ 2 e + 2|K(u 2n+1 ) - 
Since, for t G /, 

|K(>2n+l) -^2n+l|| < ||a*(«2n) ~ «2n|| + || (^t^n ~ ^2nlt) I B 2n\\ + \\lt{v 2n ) _W 2nll 

< 2 - 2 " +2 e + 2- 2 "- 1 e +|| 7t (t; 2n )-t; 2 „||, 

and ||7t(f2n) - v 2n \\ < 2~ 2n+3 e + 2~ 2n e + \\a t (v 2 n-i) - v 2v ,-i\\ and since v 2 = 1, we have 
that for t G I 

|K(>2n+l) - ^2n+l || < 2e + 2~ 2 6 < 3c. 

From the above computations we have that for t G /, 

||(7i02n+l - 02n+ia*)|A 2n+ i|| < 7e. 
Thus it follows that for t G / and x G U„A„, 

||7t0(x) - 0a t (x)|| < 7e||x||. 
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This implies that a is almost conjugate to 7 and hence a ~ 7. 

When Bi and B 2 are C*-subalgebras of A and e > 0, we write B\ C f?2 if for any 
27 G i?i there is an x 2 G -B2 with ||xi — x 2 \\ < e\\xi\\. We denote by dist(Bi, B 2 ) the 
infimum of e > such that Bi C B 2 and B 2 C Bj. 

Let A be a UHF C*-algebra and a a flow on A. We say that a is a quasi- UHF flow if 
there exists a sequence (A n ) of finite type I subfactors of A such that A = U n A n and 

sup dist(A n , a t {A n )) 
\t\<x 

converges to zero as n^oo. Then from 6.5 of it follows that 

sup dist(v4 n <g> A n , a t (A n ) <g> a t (A n )) 
\t\<i 

converges to zero as n—>-oo. 

The following is an attempt to prove that the quasi-UHF flows are UHF. 

Corollary 4.7 Let A be a UHF C* -algebra such that A <g> A = A and 7 a universal UHF 
flow on A. If a is an approximately inner, quasi-UHF flow on A, then a® 1 ") is a cocycle 
perturbation of a (universal) UHF flow. 

Proof. There exists a sequence (e n ) with e n \ satisfying: For any x G A n <g> A n 
with ||x|| < 1 and t G I = [—1,1] there is an x t G A n ® A n with \\x t \\ < 1 such that 
\\a t <g> a t (x) - x f || < e n . 

Let u n be a self-adjoint unitary in v4„ ® A n which implements the flip a|A n <g> A n . 

Since, for x & A n with ||x|| < 1, 

(a t ® at)(ty)x « (at <g> a:t)(it n x_t) = (a* <g> a t )(a(x-t)u n ) ~ o"(x)(«i <8> a<)( w n); 

it follows that ||[(at ® a*) x]|| < 2e„||x|| for x G A n (g> A n . Since there is a v nt G 
A„ (8> A n such that ||(o; t ® a t ){u n ) - v nt \\ < e n , \\v nt \\ < 1, v* nt = v nt , and a(v nt ) = v nt , 
we have that v nt u n E A n ® A n is self-adjoint and ||[u nt w n ,x]|| < 4e n ||x|| for x G A n ® A n . 
Since ||(tww n ) 2 — 1|| = ||^ — 1|| < 2e n , tw^n must be close to 1 or —1. As we may 
choose v n t, t G / to be continuous in t with v n o = u n , we have that tw^n is close to 1, 
i.e., ||twwn — 1|| < 6e n . Hence we get that \\{a t ® a t )(u n ) — u n \\ < 7e n for t G I. 

Since there is a sequence (w n ) of unitaries in A <g> A such that a = limAdu> n and 
7* ®7<(wn) = Wni we have that the sequence (u n <S>w n ) satisfies that a = limAd(w„ ®w n ) 
and \\(a t (g> a t <8> 7* <8> 7t)(w n ® u> n ) — w n (g> u> n ||— >0 uniformly in i G /, i.e., the flip is 
a <g> 7-invariantly approximately inner. By the previous theorem we can conclude that 
a ® 7 is a cocycle perturbation of 7. 
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5 The CAR algebra 



When A is the CAR algebra (i.e., A = M^), we can give a universal flow in a simple 
way. 



Theorem 5.1 Let (A n ) be a sequence in R and define a UHF flow a on A = M 2 oo by 

' e itx " \ 

A.d I 

n=l V 



a t = (g) Ad 







Then a is a universal UHF flow on A if and only if there is a subsequence (A n J such that 
lim fc X nk = and J2k = 00. 

Proof. If a is a universal UHF flow, then the r bottom marginal spectrum of a must be 



full, i.e., T T _(a) = R + , where r is the tracial state of A (see [0). If there is an e > 
such that J2n:\x n \<e Ki < °°j then T T ^(a) C [e, 00) by 5.3 of |jl2f . Hence there must be a 
subsequence (A n J such that lim fc A„ fc = and J2k A^ fc — 00 • 

Conversely suppose that (A n ) satisfies the required property. Let (/z n ) be another 
sequence in R and denote by (3 the UHF flow constructed as in the above statement. 
What we have shown in [12|] is that a <S> (3 ~ a for all such j3. Now what we have to show 
is that a ® (3 ~ a for any UHF flow (3. As in this follows easily from the following 
lemma. 



Lemma 5.2 Let (A n ) be a sequence in R as in the above theorem and let T be a finite 
subset o/R of order 2 k . For any e > there exist an N G N with N > k, a partition P 
of the power set Vn of {1, 2, . . . , iV} into 2 N ~ k sets of order 2 k , and a map F ofV^ onto 
T such that for any S G P , F\S is bijective and 

\E{x)-E{y)-F{x) + F(y)\<e, x,y G S, 

where E(x) = J2iex hi- 
proof. This lemma is shown in the case k — 1 in [|12| . We will extend the proof there to 
cover the general case k > 1, at the same time using the result for the case k = 1. 

We write the elements of T as fix, [12, ■ ■ ■ ,/i2* in the increasing order. Since only the 
differences between /ij's matter, we assume that [i 2 k = 

For a large N it is certainly not difficult to find a subset {xi, ■ ■ ■ , x 2 k} of Vn such 
that (E(xx), E(x 2 ), ■ ■ ■ , E(x 2 k)) is almost equal to (fix, ^2, • • • , l^2 k ) + C for some C G R 
since {-E(x) | x G Pat} is densely distributed in a large interval. We have to cover Vn 
with the disjoint union of such sets {xi,x 2 , . . . ,x 2 k}. Then the map F : Vn~^T is an 
obvious one. 

Let /io,i = yUi and 

— + /^2ii), £ = 1, 2, . . . , 2 fe ~ : ', 
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for j = 1,2, ...,k. Since \i 2 h — ~^\-, we have that /ik,i = 0. For a fixed j, is 
increasing in i and 

By slightly changing /Vs we may assume that all those fij/s belong to Z5 for some 5 > 0, 
which is smaller than e. Furthermore, by using the result for k — 1, we may assume that 
all A„ = 5. 

Fix a large iV and define E n (x) for x G Pat and jiGN with n < N by 

= i( E ^- E AO 

i<n,i£x i<n,i£x 

= (%{iex\i<n} -n/2)6. 
We say that x is good if there is a subsequence ni, ri2, . . . , of even integers such that 

Enj\%) ftk—jjij 

for some ij] in particular E nk {x) = /i ik . We will make the smallest possible choice for 
each rij inductively for j — 1, 2, . . . , k. Since /ik-j-i,2i-i < Hk-j,i < l^k-j-i,2i, this entails 
ij+i = 2ij — 1 or 2ij. 

We claim that if x is good, then x can be matched with other 2 k — 1 good ele- 
ments of Vn in a unique way so that the resulting sequence (xi, x 2 , ■ ■ ■ , x 2 fc) satisfies that 
(E nk (x 1 ),E nk (x 2 ), ■ ■ ■ ,E nk (x 2 k)) exactly equals /i 2 , ■ ■ ■ , /i 2 *)- Since 

^PlW + l,^fe + 2, . . .,iV} 

is independent of i by the construction, it follows that (E(x\), E(x 2 ), . . . , E(x 2 k)) is equal 
to /i 2 , • • • , A*2 fc ) + C f° r some C, where E(xi) = E N {xj). 
If x is good as above, we define x' G Vn by 

x' = xA{n fc _i + 1, n k -i + 2, . . . , n fc }, 

where A denotes difference of sets. Then x' is again good; E n .(x') = fik-j,^ f° r j — 
1, 2, . . . , k — 1 and _E nfe (a/) = where £ = i k + 1 if i k is odd and otherwise £ = — 1. In 
general if {^k-j,i 3 ) is monotone for j = m, m + 1, . . . , k, we define x' G Vn by 

x' = xA{n m + 1, n m + 2, . . . , n k }. 

Then we have that x' is good and E nk (x') = /i£, where £ = 2 k ~ m i m if i k is odd and 
otherwise £ = 2 k ~ m (i m - 1) + 1 (since fi k - m ,i m = (/42*-™(i m -i)+i + ^-m irn )/2 and ? fc is 
either 2 k ~ m (i m — 1) + 1 or 2 k ~ m i m by the monotonicity) . If we make the smallest possible 
choice of n'j such that E n '\x') = ^k-j/., we have that n' k = n k , where the latter is the 
choice for x. We may call this process the reflection at (m,i m ) or loosely at ^ k - m ,i m - By 
applying the above process inductively we can obtain the other 2 k — 1 good elements from 
one good x, which form the desired set of order 2 k . (To understand why we get a set 
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of 2 k elements in this way we should visualize a binary tree of depth k with each node 
labeled by fiji such that the root is labeled by fiki = and if a node is labeled by Hk-j,i 
with j < k or more precisely is addressed by (k — meaning that it is at a distance 
k — j from the root and at the i'th position from the left among the nodes of distance 
k — j from the root, then it has two children labeled by /ik-j-i,2i-i and /ik-j-i,2i from left 
to right; so the leaves are labeled by /ix = ^0,1,^2, • • • , f^2 k from left to right. Any good 
element x G Vn corresponds to a path from the root to a leave of this binary tree, which 
is the path determined by {k — j, ij), j = 0, 1, . . . , k with i — 1 and (ij) as given in the 
definition of good. By the procedure indicated above we get 2 k — 1 elements corresponding 
to other 2 k — 1 paths. Note that to each interior node there is a reflection to be applied; 
and there are 2 k — 1 of them.) 

In this way we obtain the family Fn of such sets of order 2 k . Since the procedure is 
canonical, Fn is a disjoint family. Let Gn be the union of elements of Fn- If x G Vn\Gn, 
then x is not good and in particular jE^rr)! < (j, 2 k for all n = 1, 2, . . . , N. 

For each fceZ with \k\ < /J, 2 k/8 = K, we have that 

${x eV N \G N \ E(x) = k5} 
tt{x G G N I E{x) = k5} 

converges to zero as even iV goes to infinity. Furthermore we have that 

KVn\G n ) 

min| fc |<^ ${x G G N \ E(x) = k5} 

converges to zero as even iV goes to infinity (since the ratios among G Gn \ E(x) = kS} 
for various k converge to 1). 

For each x G Vn \ Gn we specify a subset S x of Gat of order 2K + 1 such that 

{E(y) \ yeS x } = {k5 | \k\ < K}. 

If iV is a sufficiently large even integer, we can specify S x , x G Vn \Gn such that S^'s 
are mutually disjoint. 

Let {xi,x 2 , ■ ■ ■ ,x 2 k} be a subset of Vn \ Gn- If E(xi) = k5, we make the following 
substitutions (simultaneously): 

Vk-i <- x u y k -2 <- Vk-i, v~k <- y-K+i, xi <- 

where G satisfies E(y k ) = k5. After these substitutions we have that E(xi) = 
—K8 — fii. By making suitable substitutions among {xi} U S Xi for % — 2, . . . , 2 fc we have 
that -E(xj) = /ij, i.e., {x±, X2, ■ ■ ■ , x 2 fc} satisfies the desired property. By these substitutions 
we have introduced only an error of 5 to some sets belonging to Fn, i.e., for S G Fn 
modified by these processes, the elements of S will be ordered that 
\E(xi) — Hi — C\ — 0, ±5 for all % and for some C. This completes the proof. 
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